ABSTRACT Planetary gear sets (PGs) play a key role in the design of hybrid electric vehicles (HEVs) because they allow the realization of many unique powertrain designs using a limited number of components. By leveraging the capability of this mechanical device, an automated design process for PG-based HEV systems focusing on both fuel economy and performance is introduced in this paper. The design process consists of five major stages. In the first stage, all possible powertrain modes of an HEV design are automatically generated with a given set of powertrain components. In the second stage, all powertrain types that can be formed with a given set of components are mathematically identified, and each feasible mode is classified under one of these powertrain types. In the third stage, computationally efficient linear programming solvers suitable for vector operations are developed for each powertrain type to assess the gradeability, launch torque, overtaking torque, and acceleration time of each mode for all PG gear ratio combinations. In the fourth stage, the combination of modes that meets the performance requirements, and the number and location of clutches that make these mode transitions possible, are explored. As a result, each potent mode combination, the clutches necessary for the mode transition, and the auxiliary modes established as a result of all clutch state combinations constitute a design that meets the performance criteria. In the last stage, the fuel economy improvement potential of each competent design is evaluated. The results show that light-duty truck performance requirements can be met by many two-PG HEV designs without sacrificing fuel economy if the appropriate analysis and synthesis techniques for exploring the entire design space are developed.
I. INTRODUCTION
In the automotive industry, three pillars of competition are fuel economy, performance, and safety. Since fuel economy and safety standards have been already set to high levels by regulators [1] , [2] , little room for competition remains in these areas. As these standards go into effect, performance would likely be the key pillar where automotive companies can make a difference. The situation becomes even more critical in the U.S., given the sheer market share of lightduty trucks and sport-utility vehicles with high performance requirements [3] , [4] . Companies that can offer products with high fuel economy and superior performance will meet both the requirements of the regulators and the expectations of the customers. Thus, in recent years, hybrid electric vehicles (HEVs) have become a cost effective solution for overcoming these issues [5] - [8] .
When HEV products in the U.S. market are analyzed, the success of HEVs designed with planetary gear sets (PGs) is undeniable, as 85% of HEVs sold in the U.S. market use PGs in their powertrain system [9] . The reason for this success comes from the simplicity and design flexibility of PGs. Although PGs have simple governing equations, the huge number of combinations that can be realized with PGs and powertrain components such as engine, electric machines, and clutches gives engineers an opportunity to optimize the powertrain for both fuel economy and performance. In this paper, how to take advantage of this large design space will be shown by deriving the necessary design analysis and synthesis methods, and by introducing a systematic design process.
If we are to exploit the full potential of PGs in an HEV design, all candidates in the design space must be explored, which means that: 1) Design candidates should be evaluated against both fuel economy and performance criteria (gradeability, launch torque, overtaking torque, acceleration time between various speed intervals, top speed, backward driving capability) used in a full-fledged HEV powertrain design.
2) The design candidates that can be generated with a given set of components should be manageable in size.
3) The design synthesis methods should be able to perform component sizing analyses. 4) No single HEV powertrain type should be excluded from the process. Although several HEV design methodologies have been introduced in the past 10 years [10] - [19] , they fall short in meeting all of these requirements. In the first attempt to introduce PG-based hybrid electric powertrain design methodology, the number of PGs, clutches, brakes, and electric machines are initially determined, and then all possible kinematic combinations of these elements are analyzed using graph theory and algebraic design techniques [10] . Vehicle performance and fuel economy, however, are not taken into account in that work. This gap is partially filled in [11] by taking 0-50mph time and the potential for fuel economy improvement of candidate designs into account. The drawbacks of that study are the inclusion of only powersplit type in the design process, and the assumption of constant vehicle power during the evaluation of 0-50mph time. Zhang et al. [13] , [16] improve the process in [11] by developing an automatic modeling and screening process that conducts an exhaustive search of all designs with different configurations, clutch locations, operating modes, and powertrain types. The method for generating the design space is based, however, on evaluating all possible configurations, which grow to an unmanageable number if the variation of component sizes is taken into account. Furthermore, its method for deriving speed and torque relationships is not suitable for PG gear ratio variation.
A new design approach called mode-based design is adopted in [13] and [16] by slightly modifying the work of [13] , [16] . Since this work uses the same automatic modeling and screening process in [13] , [16] , it possesses all the same drawbacks. Another disadvantage of the modebased design in [19] is to categorize the feasible modes as fuel saving or high performance modes, although a mode's behavior can change with respect to driving conditions such as vehicle speed and vehicle load.
In contrast to the exhaustive design approaches in these studies, a generalized representation of a power-split configuration with two PGs is proposed by [12] . In this approach, the designs that meet the design requirements are generated by the proper selection of gear ratios in the generalized power-split configuration. However, this method is solely applicable to power-split powertrain types and is not capable of generating unique multi-mode designs. Bayrak et al. [17] improve this concept by using genetic algorithms and sequential quadratic programming to identify kinematic relationships of superior power-split or full-electric single or two-mode designs. However, this approach requires a large number of initial population and does not guarantee convergence to an optimal design. Moreover, since a description of performance evaluation is missing from the paper, an oversimplified performance analysis is to be expected.
In contrast to all of these complete design frameworks, the study in [15] proposes only an automatic topology generator based on constraint logic programming without taking into account the component sizes, fuel economy, and performance. Hence, this work is not able to generate practical designs.
The first study where an accurate performance analysis is conducted in addition to a fuel economy evaluation implements an instantaneous optimization algorithm for full-load analysis [14] . The proposed method evaluates all torque and speed combinations of all components in a design candidate at each simulation step during a 0-60mph time calculation. Hence, the computational load of this method is heavy, and only a small design space can be handled in practice. As a result, this approach can be applied solely to power-split powertrain types with a single PG. This paper introduces a novel design framework that overcomes the deficiencies from previous studies. It not only assesses all design candidates in terms of both complete performance criteria and fuel economy but also includes all feasible powertrain types in the design space. Though based on an exhaustive search, thanks to the mode-based design approach, the design space is manageable in size. The proposed method of deriving the characteristics equations of the modes facilitates computationally efficient componentsizing exercises, including variation in PG gear ratios. Once the infeasible modes are eliminated from the design space, rigorous performance evaluations, which rely on newly developed linear programming solvers, are conducted to eliminate as many modes as possible in the early design stage. Two modes that can transition to each other via a maximum of three clutches and can meet collectively all performance criteria are identified as high performance mode pairs. Each potent mode pair, with the auxiliary modes that are formed through all clutch state combinations, constitutes a design candidate, which then goes through fuel economy evaluation. The fuel economy simulation results reveal that many high performance and fuel efficient designs are realizable with just two PGs if a process with strategically selected design steps and synthesis/analysis tools is in place.
The paper is organized as follows. Sections II and III explain how the design space is generated and what the proposed design process is. In Sections IV and V, an automated modeling procedure and a mode screening and powertrain type identification process are introduced. Sections VI and VII describe the methods that efficiently evaluate the modes with respect to PG gear variations and forward/backward speed capability. The performance criteria and related analysis and synthesis algorithms are explained in Section VIII. Sections IX-XIII show the steps that create the competent designs by combining the appropriate modes. Section XIV presents fuel economy simulations and the best designs in terms of performance and fuel economy.
II. GENERATION OF DESIGN SPACE
Before describing the steps of the proposed design framework, we must first determine what elements make up the design space. Three elements are possible: component-, configuration-and mode-based elements. In the componentbased case, the design elements are the components that may be used in a hybrid transmission (e.g., engine, electric machines, planetary gearbox, differential, clutches). The disadvantage of this approach is that it results in an extremely large design space due to the fine granularity. Componentbased design space is used only in [15] with an incomplete design process, where component sizes, fuel economy, and performance are not taken into account. The more realistic approaches are configuration-and mode-based designs, where the design elements are at a coarser granularity. In the configuration-based design, predefined components including clutches are assigned to the PG nodes. Each combination is named as one configuration and is a complete hybrid transmission design in and of itself. Fig. 1 shows a configuration example, where each PG is represented as a lever with three nodes, each of which corresponds to ring (R), carrier (C) and sun (S) gears of the PG. The lengths between ring-carrier nodes and carrier-sun nodes on the lever are taken as 1 and N R /N S , where N R and N S are the tooth numbers of ring and sun gears. In this paper, θ 1 and θ 2 represent N R /N S of two PGs, respectively. In contrast to a configuration, a mode is generated by assigning predefined components, apart from clutches, to the PG nodes. A mode corresponds to the dynamics for a given state of the clutches in a configuration. Fig. 2 shows one mode of the configuration in Fig. 1 , where Clutches B and C are closed, while Clutch A is open. In the mode-based design approach, once all modes are generated in the design space, the groups of modes that collectively meet the design specifications are then identified. If the modes in a group can transition to each other with the predetermined number of clutches, this mode group constitutes a valid design and is evaluated for other criteria, such as fuel economy. In this study, the mode-based design approach is chosen. Since mode-based design and its advantages over other approaches have not been explored sufficiently well in the literature, the rationale behind this decision follows.
1) Design space in the mode-based design is much smaller than in the other approaches. In this study, the designs that can be generated with two PGs, one engine, two electric machines, one vehicle output shaft, and at most three clutches are investigated. The reason of choosing two PGs is the size of generated design space. With one PG, the maximum number of modes is 54, whereas the number of modes in two-PG case is 49,824, which provide much bigger and flexible design space for exploration. Furthermore, the maximum number of clutches is set to three with the assumption of the existence of competent designs with three clutches that can meet all design requirements. For the configuration-based design, at most three clutches can be assigned to the PG nodes, as C 3 15 + C 2 15 + C 1 15 = 575 different ways. If we constrain the engine and vehicle output to not be on the same PG node, all components can be assigned to six PG nodes as 6 × 5 × 6 × 6 = 1, 080 ways. The design space for the configuration-based approach becomes 621, 000. In the mode-based design approach, the modes can be grouped according to the number of connections between two PGs. For one, two, and three connections between two PGs, we can generate 9, 36, and 44 different connections, respectively. The components can be assigned to the PG nodes for these three types of connections 5
= 768, and 3 × 2 × 3 × 3 × 2 1 = 108 ways. 2 x terms in these calculations come from the possibility of assigning a brake to the PG nodes without an engine or vehicle. Based on these results, the design space for the mode-based approach becomes 68, 832, which is almost ten times smaller than the configuration-based design space. When another design variable such as the PG gear ratio is introduced to the design problem, the design space grows even further, and the advantage of a mode-based design becomes more apparent. 2) In the configuration-based design, the assignments of the components to the PG nodes are fixed in a design candidate. In the mode-based design, this constraint does not exist, and the PG node assignment of a component can be different in any two modes of a design.
3) The mode-based design is computationally efficient compared to the configuration-based design because a unique mode exists in multiple configurations and is evaluated multiple times in a configuration-based design. 4) Configuration-based design should limit the number of clutches in a design due to the large number of design candidates. Because mode-based design applies the constraint of clutch number at the last stage, any two modes can be in a design as long as they provide superior performance and fuel economy. 5) Mode-based design is an incremental design technique, where a design first starts with a single mode and gradually introduces other modes until the design criteria are met. Hence, mode-based design delivers the simplest design. On the other hand, configuration-based design determines the number of clutches beforehand and tries to find the best designs with a fixed number of clutches. 6) Since mode-based design is an incremental design technique, it is a straight-forward way to augment the superior designs with other modes to satisfy additional criteria. How to expand a design in the configurationbased design, however, is not clear.
III. PROPOSED DESIGN PROCESS
In any design task, the most critical step is to establish the design framework, because its guidelines have a major effect on the design space coverage, flexibility, and computational complexity. Fig. 3 shows the proposed process for designing a superior HEV transmission in terms of performance and fuel economy. The steps in this process and strategic thinking behind them can be summarized as follows. First, the design space is populated with the modes that can be generated with two PGs, one engine, one vehicle output shaft, two electric machines, and at most three brakes. Modebased design makes the size of the design space manageable. Second, speed and torque equations for each mode are derived in a format such that computationally efficient vector operations can be performed for component-sizing studies. Then, the infeasible modes that are determined according to the speed and torque equations are removed from the design space. Third, feasible modes are classified according to the structure of their torque and speed equations so that proper analysis techniques specific to each powertrain type can be applied. Fourth, the modes are categorized into forward-speed and backward-speed groups, where forwardspeed capable means that positive engine torque propels the vehicle in the forward direction. Fifth, the modes that cannot pass any of the predefined performance tests with any PG gear ratio combination are eliminated. Applying the challenging performance tests early in the process makes the design space much smaller for further processing. Sixth, the individual modes or mode pairs that can meet all performance criteria collectively for the same PG ratios are identified to establish the core of the competent designs. Seventh, the clutch numbers and their locations are determined to achieve the transition between two modes in each competent mode pair. The other modes that can be generated for each combination of clutch states are also identified and analyzed. If any of these modes does not provide backward-speed capability, any mode in the backward-speed capable group that can be transitioned without exceeding the clutch number constraint is incorporated into the design. At the end of this stage, all competent designs have been identified. In the last step, the fuel economy improvement potential of these competent designs for each valid PG ratio is evaluated. Since these designs had to pass many demanding performance design criteria beforehand, computationally complex fuel economy analysis can be applied to a limited number of designs. Finally, the competent designs with superior fuel economy become the end product of the proposed process.
IV. DERIVATION OF STEADY-STATE AND DYNAMIC EQUATIONS
A goal of the design process should be to identify as many mode characteristics as possible by analyzing speed and torque equations at steady-state instead of dynamic equations because speed and torque equations at steady-state are in a simpler form, making them suitable for the vector operations and the derivation of important results in the design process. In this study, steady-state speed and torque equations are used in the feasibility, powertrain type, maximum vehicle torque, long-hauling capability, and forward/backward speed capability analyses since these calculations are performed only at a single time instant. However, dynamic equations are required in the x-y mph time and fuel economy simulations because each of them is performed multiple times sequentially on a time horizon. With the proposed method in subsection IV-B, dynamic equations can be easily obtained from speed and torque equations at steady-state.
A. DERIVATION OF SPEED AND TORQUE EQUATIONS AT STEADY-STATE
The high number of modes in the design space requires the automatic derivation of speed and torque equations. This task is accomplished by adapting the method in [20] to HEV powertrains. The proposed procedure generates all speed and torque equations and constraints due to the brakes and connections between PGs in a matrix form, thus facilitating the automation of the process. The procedure is explained using an example mode in Fig. 4 . This example mode consists of all connection types (fixed connections between PGs, brake connection, and coaxial actuator connection to a PG node). Hence, the steps explained for this example are applicable to the modeling of other modes. The only differences in other modes are the number of rows in the matrix and the locations of 1's and −1's on each row. In the example mode, electric machines 1&2 are connected to the ring and carrier nodes of the first PG, respectively. The vehicle output shaft, hereinafter referred to as ''Vehicle,'' is on the same node as electric machine 2. The brake on the sun gear of the first PG keeps it at zero speed. The engine, hereinafter called ''ICE,'' is connected to the sun gear of the second PG, with ring and carrier gears of both PGs connected to each other.
1) DERIVATION OF SPEED EQUATIONS
The first step in deriving the speed equations is to create the speed vector in (1) that multiplies the speed matrix. The speed vector consists of all six nodes of two PGs and the speed of the component that shares a node with another component (viz. electric machine 2). The first two rows of the speed matrix in (1) represent the speed equations of two PGs. The third and fourth rows are connection constraints, which make the PG1 ring and carrier speed equal to the PG2 ring and carrier speed. The fifth row shows the speed constraint imposed by the brake on the PG1 sun gear. The goal of the last row is to equate the speed of the components that are connected to the same node.
Speed Matrix
        θ 1 −(1+θ 1 )1 0 0 0 0 0 0 0 θ 2 −(1+θ 2 )1 0 1 0 0−1 0 0 0 0 1 0 0 −1 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 −1         Speed Vector           ω EM 1 ω Vehicle ω S1 ω R2 ω C2 ω ICE ω EM 2           = 0 (1)
2) DERIVATION OF TORQUE EQUATIONS
The torque vector consists of the elements that actively or reactively behave as a source of torque (i.e., electric machines, engine, vehicle output shaft, brakes, connections, and reaction forces in the PGs). In contrast to building the speed matrix, the torque matrix is established column by column. Each row of the matrix corresponds to one of the nodes. Thus, the row size of the matrix is always 6 for a 2-PG design. For each row, the torque sources that act on the corresponding node of that row are set to 1 or -1, depending on the direction. The remaining elements in that row are set VOLUME 6, 2018 to 0. According to these rules, the torque equations of the example mode become as in (2), where F 1 and F 2 are the tangential forces between gears in each PG, T C1 and T C2 are connecting torques between PGs, and T B is the reaction torque exerted by the brake. 
B. DERIVATION OF DYNAMIC EQUATIONS
The dynamic equations of a mode in this paper are used in the 0-60mph time analysis and fuel economy simulations. They are derived by combining the speed and torque equations at steady-state with the inertia matrix as follows. First, the derivative of the speed vector in the speed equations is augmented by the torque vector in the torque equations to obtain the variable vector of the dynamic equations. The variable vector of the example in Fig. 4 becomes (3). The inertia matrix J is created first as a zero matrix, with a size of 6 × N , where N is the dimension of the speed vector and each row corresponds to one of the PG nodes. Each of the first six diagonal elements of the inertia matrix is populated with the sum of the inertia terms of the components connected to the corresponding node. Finally, the dynamic equation matrix is created by placing the inertia matrix, speed matrix, and torque matrix into its upper left, lower left, and upper right corners, respectively, as in (4) . The torque matrix is multiplied by −1 before this placement, as inertia and torque matrices are on the same side of the dynamic equations.
V. FEASIBILITY ANALYSIS AND POWERTRAIN TYPE DETERMINATION A. FEASIBILITY CHECK USING TORQUE EQUATIONS
The columns of the torque equation matrix are reordered so that the first and second columns of the matrix belong to T Vehicle and T ICE . Gaussian elimination is then applied and the resultant first row is analyzed. If all elements after the first 1 are all zero, it follows that T Vehicle is always 0 and thus no torque is transmitted to the vehicle output shaft. As this is an infeasible condition for a powertrain design, no further investigation is needed.
B. FEASIBILITY CHECK USING SPEED EQUATIONS
The columns of the speed equation matrix are reordered so that the first column of the matrix belongs to ω Vehicle and the last three columns belong to ω EM 1 , ω EM 2 , and ω ICE , respectively. Gaussian elimination is then applied and the resultant first row is analyzed. If the remaining elements after the first 1 are all zero, that means that ω Vehicle is always 0 and the mode is infeasible.
C. POWERTRAIN TYPE DETERMINATION
The remaining modes after eliminating the infeasible modes from the design space, called feasible modes, need to be categorized according to their powertrain type to apply the suitable analysis techniques and to meet the design criteria. Powertrain types are determined according to the source of the propulsion (full-electric, hybrid-electric, conventional) and the dependence of engine and electric machine speeds on vehicle speed (fixed-gear, parallel, series, power-split).
In the literature, they are described in terms of the characteristics of the existing designs or ad-hoc results or fixed number of PGs [16] , [21] - [25] . In this paper, the characteristics of all possible powertrain types that can be constructed with any number of PGs will be shown mathematically. In this way, any mode that might belong to an unknown powertrain type will not be ignored.
Proposition 1:
The sum of the number of free variables (degrees of freedom) in steady-state torque and speed equations is equal to the number of power generating/consuming components in a powertrain design.
Proof: Assume there are m power generating/consuming components and the speed values of k components determine the rest of the speed variables via the matrix A m−k×k = a 1 . . . a k where a i 's are the columns of the A matrix. Using the energy conservation law, Since ω 1 , . . . , ω k are independent variables,
.., k terms should be 0. As a result, m − k variables T k+1 , ..., T m are independent torque variables.
This result is applied to the design process as follows. The columns of the speed and torque equation matrices are reordered so that their first columns belong to the vehicle output shaft and their last three columns belong to the electric machines 1 and 2 (EM1, EM2), and the engine. After the Gaussian elimination method is applied to these matrices, the free variables are obtained. For the feasible modes, three cases are possible where k and n are the number of free speed and torque variables among Vehicle, Engine, EM1, and EM2, respectively:
show the algorithms that determine all possible powertrain types in the design space through a systematic approach. The derivation of these algorithms relies heavily on two facts. The first one is the energy conservation law the way it is used in the proof of Proposition 1. The second one is the property of reduced row echelon form, where each leading entry (left most nonzero entry) of a row is in a column to the right of the leading entry of the row above it. For example, if ω EM 1 and ω ICE are the free variables in the reduced row echelon form of a speed matrix, ω EM 2 should be either 0 or a · ω ICE since these variables are ordered in the last three columns of the speed matrix as ω EM 1 , ω EM 2 , and ω ICE , respectively. After the implementation of feasibility and powertrain type determination algorithms, the powertrain types listed in Table 1 are identified.
The important results these algorithms provide are as follows.
1) The characteristics equations of each powertrain type are converted to a common format, to which the analysis techniques in the design process are applied seamlessly. 2) All powertrain types achievable with the given set of components can be identified mathematically, regardless of the number of PGs. For example, a new special power-split powertrain type, where T ICE is determined only by T Vehicle , while ω ICE is a function of ω EM 1/2 and ω Vehicle , is uncovered thanks to this method. Two examples of this power-split powertrain type are shown in Fig. 10 .
VI. MODE EVALUATION WITH RESPECT TO PG RATIOS
Feasibility and powertrain type analyses can be performed for one set of PG ratios since the structure of the equations is sufficient for drawing conclusions. However, the successive VOLUME 6, 2018 FIGURE 8. Flow Chart II to determine Powertrain Type for k = 2, n = 2. analyses in the design process require the evaluation of the feasible modes for each PG gear ratio combination since the value of the PG gear ratio affects the analysis outcomes. Due to the computational burden of introducing PG ratios into the design process, either constant PG ratios are assumed or a smaller design space is used in the literature. In this paper, the speed and torque equations derived in the powertrain type determination algorithms are used in the performance analyses because they are functions of PG gear ratios and suitable for fast vector operations. These PG gear ratio dependent equations are obtained in three steps. First, speed and torque matrices explained in Section IV are generated using Matlab Symbolic Toolbox by defining the PG gear ratios as symbolic variables. Second, the Gaussian elimination method is applied to these matrices as described in Subsection V-C to calculate speed and torque equations in symbolic form, which are later converted into a string. Third, PG gear ratios are discretized with 0.1 increments in the physically feasible range of [1.8, 3.8] [26] , and all PG gear ratio combinations in the vector form are applied as inputs to the symbolic equations in the string format using Matlab's ''eval'' command. As a result, this methodology allows us to perform all mode performance analyses for all PG gear ratio combinations with minimal computational impact.
VII. FORWARD/BACKWARD SPEED CAPABILITY CHECK
After categorizing the feasible modes according to the powertrain types, whether positive engine torque contributes to the forward or backward motion of a vehicle is determined for each mode, as backward motion can be achieved at a low battery state of charge if and only if the engine is on.
For this purpose, the torque equation
and f 3 coefficients are functions of PG gear ratios is used. If f 3 < 0 for the PG gear ratio combination, positive T ICE will propel the vehicle in the forward direction because negative T Vehicle representing the load to the system corresponds to vehicle acceleration. Similarly, if f 3 > 0, positive T ICE will support backward motion. As a result, each mode is assigned to either of forward-speed and backward-speed capable groups or both, depending on the sign change of f 3 for different PG ratios.
VIII. PERFORMANCE EVALUATIONS
In the HEV design literature, performance criteria other than 0-60mph time have been overlooked due to either lack of experience in the automotive industry or algorithm simplification. Therefore, the results of the design processes may not have shown any practical value. Moreover, 0-60mph time is calculated with assumptions that degrade the accuracy of the results. In this paper, we introduce not only analyses related to the performance criteria necessary for designing a marketable vehicle but also an accurate 0-60mph time calculation method.
The performance criteria have been determined based on the SAE J2807 Standard and general design requirements in the automotive industry for a vehicle at its Gross Combination Weight Rating (GCWR). They are categorized into three groups (see Table 2 for details). In the evaluation of long-hauling capability, maximum output torque of the HEV powertrain is calculated under the assumption of charge sustaining operation, whereas in the gradeability and x-y mph time calculations, the only constraint is the limits of the components in the design. 
A. LONG-HAULING CAPABILITY ANALYSIS
In the long-hauling performance analysis, the maximum vehicle output torque of each mode without depleting the battery is calculated for each PG ratio combination. This calculation is simple for powertrain types with one degree of freedom in speed equations such as fixed gear, parallel, and series. For these types, engine or electric machine speed is easily calculated from the vehicle speed, and using speed vs. maximum torque curves of the related component, maximum vehicle output torque is obtained. Difficulty arises for powertrain types with more than one degree of freedom because engine speed can be controlled independent of vehicle speed. In this section, the method derived for modes with two degrees of freedom (input-split, output-split, and compound-split) is given in detail. Since the approach is the same for the modes with three degrees of freedom, their derivations are skipped.
Steady-state speed and torque equations of power-split types with two degrees of freedom can be written as in (8a)-(8d), where f 1 , f 2 , g 1 , g 2 are the column elements in the first two rows of the speed matrix that correspond to ω ICE and ω Vehicle and f 3 , f 4 , g 3 , g 4 are the elements in the torque matrix that correspond to T ICE and T Vehicle . In addition to regenerative braking and torque assist, the main task of electric machines in a power-split hybrid powertrain is to provide electronically controlled continuously variable transmission (eCVT) operation, where the engine can run with the control of electric machines at the highest system efficiency point independent of vehicle speed. Since the vehicle is supposed to operate at cruising vehicle speed levels in the eCVT mode for long durations and the battery has limited charge, it is assumed that net energy transfer from/to battery is 0 in the eCVT operation and the energy generated by one of the electric machines is consumed by the other electric machine. Furthermore, lossless electric machines, that is, P EM 1 = −P EM 2 , are assumed because in the long-hauling analysis the maximum output power of the vehicle is calculated, where electric machines operate at power levels close to their highly efficient maximum values. Under this assumption, (8a)-(8d), and energy conservation law, the electric machine power to engine power ratio is calculated as in (9), where x = ω Vehicle ω ICE . Since P ICE = −P Vehicle in the batteryless eCVT operation and (9) is suitable for vector operations, the electric machine power requirement of all modes with their PG gear ratio combinations can be calculated very quickly for the given road loads in Table 2 . If P EM 1 is less than the maximum electric machine power for a given long-hauling requirement, then the mode with its corresponding PG gear ratios is recorded as a capable mode.
B. MAXIMUM OUTPUT TORQUE ANALYSIS
In the gradeability and x-y mph time evaluations, the maximum output torque that a mode can deliver without the battery state of charge constraint in the long-hauling capability analysis needs to be calculated. Similar to the long-hauling analysis, the speed and torque of both the engine and the electric machines must be optimized for powertrain types with more than one degree of freedom. Due to the computational difficulty of this optimization problem, in the literature it has been performed by either unjustified assumptions for problem simplification [13] or brute force [14] , which is not computationally feasible when the PG gear ratio is a design variable.
In this study, the speed and torque relationships of the components are formulated such that a linear programming technique can be applied. The variables in the linear program are ω EM 1 , ω EM 2 , ω ICE , ω Vehicle , T EM 1 , T EM 2 , T ICE , and T Vehicle . Although upper and lower speed limits of the electric machines and engine are constant, as in (10a)-(10d), their torque limits are a function of their speed. Thus, a special formulation suitable to linear programming is needed to ascertain the torque limits.
In the formulation of engine torque limits, the maximum torque curve of an engine can be approximated as a combination of linear segments with decreasing slopes. The maximum torque curve of the engine used in this paper is shown in Fig. 11 as the blue line. The original curve is approximated by three line segments (a i ω ICE + b i , i = 1, 2, 3) concatenated to each other, shown as the red line in the same figure. The resulting upper and lower limits of the engine torque can be represented as:
In formulating the electric machine torque limits, the approach taken is the same as that with the engine torque limits. In contrast to engines, however, electric machines are capable of producing large negative torque. As the minimum torque curve of an electric machine is generally a reflection of its maximum torque curve around the speed axis (x-axis), the formulation of the maximum torque curve of an electric VOLUME 6, 2018 machine can be applied to the representation of its minimum torque curve. The maximum and minimum torque curves of the electric machines used in this paper are shown as the blue lines in Fig. 12 . Although maximum (minimum) torque curve is not a concave (convex) function of the machine speed, it can be approximated as a concave (convex) function by concatenating three line segments (ã i ω EM +b i , i = 1, 2, 3 for the maximum torque curve andā i ω EM +b i , i = 1, 2, 3 for the minimum torque curve), as shown by the red lines in Fig. 12 . This approximation is legitimate, as electric machines can exceed their limits temporarily as long as overheating is prevented. With this approximation, the electric machine torque limits are represented as:
The interdependencies between the speed and torque values of the engine, vehicle output shaft, and electric machines are obtained by applying the Gaussian elimination method to the speed and torque matrices. For the powertrain types with two degrees of freedom (input-split, output-split, compoundsplit), speed and torque equations can be represented as in (8a)-(8d) of Subsection VIII-A.
In the linear program, ω Vehicle is set to the vehicle speed at which the vehicle begins its acceleration. In the formulation, the T Vehicle term is the reaction torque of the PG node to which the output shaft is connected, as shown in Fig. 13 . In this figure, arrows facing right represent positive torque. Maximum acceleration is achieved if T Vehicle is minimized. Thus, the objective of the linear program is to minimize T Vehicle within the speed and torque constraints of the components described through (8a)-(8d), (10a)-(10d), and (11)- (12) for the input-split-, output-split-, and compound-split powertrain types. For the special power-split powertrain types, torque and speed equations are those shown in Figs. 6, 8, and 9. In the formulation, it is assumed that the speed of the components has already been settled to the speed solutions of the linear program at the start of acceleration, and that the torque solutions of the linear program are applied to the actuators at these speed points.
C. x-y mph TIME CALCULATION
The linear program formulation from the previous subsection is used for the x-y mph time calculation. The algorithm must be modified, however, due to the dynamic nature of the x-y mph acceleration. It is assumed that the vehicle begins its acceleration at a vehicle speed of x, while the speeds of the engine and electric machines are at the values calculated by the linear program for maximum acceleration. Furthermore, the inertias of the ring, carrier and sun gears of the PGs and two electric machines are assumed to be 0 since they are much smaller than the vehicle inertia and engine inertia.
In the algorithm, the feasible engine torque region is constrained between T ICEmax − T ICEmax and T ICEmin + T ICEmax = T ICEmax assuming T ICEmin = 0. T ICEmax is the reserve torque needed to bring the engine speed to the desired level at the beginning of the next simulation time step.
T ICEmax can be calculated by J ICE ω ICEmax , where J ICE is engine inertia and ω ICEmax is the maximum difference between optimum engine speed setpoints at two consecutive time steps.
The algorithm works in the following order: 1) Start at k t = 0 and ω Vehicle_k = x, where t is the duration of each time step. 
D. POWERTRAIN TYPE SPECIFIC LP SOLVER
In the 0-60mph time calculation, assuming the simulation period is 0.1s and the fully loaded vehicle reaches 60mph in 20s, LP solver in Matlab will be called 88, 200 times for a single mode, if we consider 441 PG gear ratio combinations. For a design space with hundreds of modes, 0-60mph time calculation takes too much time and therefore, is not feasible. In this section, an efficient LP solver designed for the powertrain types is presented.
A computationally efficient LP solver should have two characteristics: the solution should be able to be found quickly and it should be suitable for vector operations to accommodate PG gear variations. In the proposed method, the optimum solution is found by leveraging the fact that the LP solution is always associated with a corner point (where two lines intersect) of the solution space [27] . Moreover, the speed and torque equations and solution algorithm are constructed such that all mathematical operations can be performed in vector form without the use of any ''for'' loop.
The fundamental steps of the LP solver are described in seven steps with the accompanying example of an inputsplit mode, whose speed and torque equations are given in (13)-(14). 1) Represent maximum torque equations of all components in terms of a single variable using speed equations
. This is achievable since input-split, output-split, compound-split and some special powersplit powertrain types have two-degrees of freedom in speed equations and the LP solver is executed for a specific vehicle speed. 2) Perform the same operation for the minimum torque curves of the components. For the example mode, maximum and minimum torque curves of the components Fig. 14 correspond to the solution candidates at corner points determined according to this procedure. 6) Determine the speed point, at which the limit of the dependent torque variable is equal to the requested torque set by the independent torque variables that minimize T Vehicle . This speed point is calculated geometrically by first identifying two intersecting line segments that belong to the component maximum/minimum torque curve and the requested torque curve and then solving the linear equations for the intersection point. In the Fig. 14 , the blue-light blue circle marker corresponds to this corner point, where
VOLUME 6, 2018 7) Choose the minimum of T Vehicle s obtained at each of these corner points as the optimum solution. All of the steps above can be performed in vector form, that is, each step can be evaluated for all PG ratio combinations in one operation. Therefore, the introduced LP solver is much faster than Matlab's LP solver and enables the accelerated evaluation of gradeability and x-y mph time of a large design space.
The algorithm described here must be slightly modified for some special power-split modes with three degrees of freedom in speed variables. In this case, the maximum/minimum torque curves of the components cannot be represented by a single speed variable, although one variable ω Vehicle is constant. This problem can be reduced to the case of two degrees of freedom by executing the LP solver procedure above for each maximum T ICEmax linear segment. For each linear segment, there would be one more corner point, where the maximum/minimum curves of three components intersect, that is, T ICEmax/min = c a T EM 1max/min and
IX. MODE GROUPING
The modes in the design space are grouped according to the PG node assignments of the vehicle, engine, EM1, and EM2 components in order to analyze mode transition feasibility through clutches. Since there are six PG nodes in a two-PG design, and vehicle and engine are not on the same node, 6 × 5 × 6 × 6 = 1, 080 groups are possible. To assign each mode to its corresponding mode group(s), PG nodes are numbered zero to five, where zero to two numbers correspond to the ring, carrier, and sun gears of the first PG, respectively, and three to five numbers belong to the second PG. Furthermore, each component entry in the data structure created to hold mode information contains the PG node to which it is connected. The group number is created as a four-digit number in the heximal number system, as Vehicle_Node|ICE_Node|EM 1_Node|EM 2_Node as the maximum value of a four-digit heximal number (1295) is closest to 1, 080. It should be noted that a mode is assigned to more than one group if a component in the mode is connected to a PG node that has a mechanical connection with another PG node.
The advantage of such a numbering system in mode grouping is to be able to identify the symmetric topology of a mode and to skip the analysis of the mode with a higher group number because these two modes show exactly the same performance. Furthermore, if the group number generated by interchanging EM1 and EM2 node assignments is greater than the original group number, the analysis of the mode with the higher number is skipped, since EM numbering is just a convention and interchanging the EM numbers would not change the performance of a mode. This approach eliminates the need to analyze at least half of the mode groups that are functionally represented in other lower-number groups and accelerates the processing time.
X. IDENTIFICATION OF COMPETENT SINGLE-MODE AND TWO-MODE DESIGNS
After assigning each mode to its corresponding groups, each group is searched for a mode that meets all performance criteria. These modes are declared to be competent single-mode designs. If two modes in a group can meet all performance criteria together, the design that includes these two modes is called a competent two-mode design, although this design may also include other modes.
A. IDENTIFICATION OF COMPETENT SINGLE-MODE DESIGNS
During the performance evaluation of modes, gradeability matrix, long-hauling matrix, and x-y mph time matrix are generated for each mode, as shown in Tables 3-5 , where each row and column correspond to a PG gear ratio combination and a specific performance criterion, respectively, and the value of 1 in a cell means the mode can meet the performance criterion. In order to identify the modes and their corresponding PG gear ratios that can meet all performance criteria, logical AND operation is applied along each row of the gradeability, long-hauling, and x-y mph time matrices. The result of this operation for each mode is gradeability-, longhauling-, and x-y mph time vectors. Element-wise logical AND operation on these vectors produces the final competency vector, where the value of 1 in any of its rows means that the mode is competent for the PG ratios corresponding to that row.
After running these operations, two modes, all of which are input-split powertrain type are identified, which can meet all performance criteria. 
B. IDENTIFICATION OF COMPETENT TWO-MODE DESIGNS
In a competent two-mode design, all performance requirements are met by either of the two modes in the design. The identification of these two modes starts with generating all two-mode combinations in each mode group. Then element-wise logical OR operation is performed on the gradeability-, long-hauling-, and x-y mph time matrices of two modes, as shown in Table 6 . The resultant gradeability-, long-hauling-, and x-y mph time matrices show the capability of the mode pair. Afterwards, the same logical operations described in Subsection X-A are applied to these matrices, as shown in Tables 7 and 8 . At the end of the process, a single competency vector is obtained, which shows at which PG gear ratio combination the mode pair is competent.
After the competency analysis, the number and location of clutches required to achieve mode transition between two modes is determined by comparing PG nodes to which components are connected in both modes. For example, if EM1 is connected to '0-4' (according to the numbering convention explained in Section IX) in one mode and '0' in the other mode, a clutch between the ring gear of the first PG and carrier gear of the second PG is needed for the mode transition. The clutch number limit for a mode transition is set to three to balance the tradeoff between design complexity and flexibility. The mode pairs from all mode groups that can meet the performance criteria and transition to each other with a maximum number of three clutches are collected with the PG gear ratio information to move to the next stages of the design process.
XI. IDENTIFICATION OF AUXILIARY MODES
In the process of identifying competent two-mode designs, the clutches required to make the mode transition possible are also determined. When more than one clutch is required for the transition, only two combinations of clutch states realize two competent modes. Therefore, other feasible modes can exist in the design for the remaining combinations of clutch states. These modes are called auxiliary modes since they are a by-product of the competent two-mode design process and do not contribute to meeting performance requirements. In this stage of the design process, the feasibility, speed and torque equations, and powertrain type of these auxiliary modes are explored using the analysis techniques in this paper so that their contribution to the performance and fuel economy can be taken into account.
XII. IDENTIFICATION OF BACKWARD-SPEED CAPABLE MODES
A powertrain design is incomplete without backward-speed capability. Another requirement often omitted in the literature is the need for a hybrid electric powertrain to be able to deliver propulsion with the engine in the backward direction in low battery SOC scenarios. Backward-speed capable modes that were identified in Section VII are assessed against the backward-speed performance criteria in Table 9 . The modes that can meet the requirements are grouped according to the PG node assignments of the vehicle, engine, EM1, and EM2 components using the method explained in Section IX.
XIII. ADDITION OF BACKWARD-SPEED CAPABLE MODE TO THE COMPETENT DESIGNS
In the previous sections, the designs with one or two competent modes are explored. In this section, how these designs are mated with a competent backward-speed capable mode will be explained.
Single-mode designs do not have any additional mode to satisfy backward-speed performance criteria. Therefore, a competent backward-speed capable mode is sought in the mode group to which the single mode design belongs. The acceptance criterion for a backward-speed capable mode in the single-mode design is that the number of clutches required to perform mode transition should not exceed the clutch number limit. At the end of this process, no any competent single-mode design that can be mated with a backward-speed capable mode is identified.
For designs with two competent modes, first the auxiliary modes of the design are evaluated in terms of backwardspeed capability. If any of these modes meets the performance criteria, the design is complete and there is no need to explore any new mode. If any auxiliary mode of the design is not a backward-speed capable mode and the number of clutches in the design is less than the clutch number limit, then all backward-speed capable modes are analyzed in the mode groups of which the competent design is also a member. If the additional clutch(es) required to achieve the mode transition between forward-and backward speed capable modes does not cause the number of clutches to exceed the limit, the related backward-speed capable mode is made part of the design by adding the necessary clutches to the design. At the end of this process, 43 competent designs are identified.
XIV. FUEL ECONOMY ANALYSIS OF COMPETENT DESIGNS
Performance and fuel economy are two main pillars on which the design process is based. Thus far, the focus has been on the performance pillar, eliminating as many modes as possible from the design space and reducing the time for the fuel economy analysis. Since the designs that can meet all performance criteria are generated in the preceding section, in this section the fuel economy of each design for each competent PG ratio combination is evaluated.
The ideal method for analyzing fuel economy is Dynamic Programming (DP), as it guarantees global optimality over the problem horizon. DP suffers, however, from a heavy computation load and, hence, has been used only in studies with a small design space [11] , [28] , [29] . In the literature, several near-optimal fuel economy analysis methods have been introduced [30] , [31] . In this study, one of these methods, called power-weighted efficiency analysis for rapid sizing (PEARS), will be used with some improvements.
The PEARS method first calculates the best powerweighted efficiency of each mode in the design for both EV and HEV operations at every vehicle speed and load point of the selected drive cycle. Then a DP algorithm over the time horizon of the drive cycle is executed to select a mode at every time point of the drive cycle with the goal of maximizing fuel economy. In this study, three improvements are made to this method. First, the algorithm is extended to include all special power-split powertrain types in the PEARS. Second, at the most efficient EV operating point calculation of each mode, all engine speed points between 0 and ω ICE at 100rpm increments are taken into account instead of just three engine speed points as in the original method. Higher engine speed resolution allows the method to obtain an operating point close to the optimal one. Third, instead of the most efficient EV and HEV operating points of each mode, the most efficient points of each mode for EV, battery charging HEV, and battery discharging HEV operations are included in the mode selection DP execution. With this modification, the bandwidth of control inputs is increased for the mode selection DP, and the possibility of no solution for the competent single mode designs is avoided.
Using the modified PEARS, all competent designs are assessed in the Urban Dynamometer Driving Schedule (UDDS) and Highway Fuel Economy Test (HWFET) drive cycles for all feasible PG gear ratio combinations. Battery SOC is allowed to vary between 55% and 65% during simulations. Moreover, the battery SOC at the end of each cycle is kept the same as the SOC at the beginning of the cycle by penalizing the control actions that lead to an SOC mismatch. The weighted average of cycle results (55% UDDS and 45% HWFET) is calculated, and the PG gear ratio combination that gives the highest fuel economy is selected for comparison. Out of 43 designs, 22 are able to pass the 30mpg threshold. Ten of these designs are shown in Fig. 15 . None of the 22 designs belongs to the one that met the performance criteria with a single mode, a finding that is expected, given that the limited number of modes in a design decreases the control bandwidth. The highest fuel economy achieved among the competent designs is 31.5mpg. The fuel economy of the same vehicle with a 6-speed automatic transmission instead of a hybrid electric powertrain is also simulated for a benchmark. The results show a fuel economy of 22.6mpg. Consequently, the maximum fuel economy improvement owed to a hybrid electric powertrain is 39%. A performance and fuel economy comparison of the designs in Fig. 15 and the conventional powertrain are shown in Figs. 16-17 and Table 11 .
The following observations are made from the analysis of 43 competent designs, and their performance and fuel economy benefits. 1) 43 competent designs are categorized according to the powertrain types of their two competent modes in Table 10 . As seen in that table, most of the designs consist of parallel and input-split or parallel and outputsplit competent mode pairs. When these designs are analyzed in detail, the competent parallel mode can be seen to meet the gradeability requirement at launch and low vehicle speed, while the competent inputsplit or output-split mode provides high performance at medium and high vehicle speed. 2) Although Table 10 shows a diverse set of powertrain types for competent mode pairs, only 10 designs with parallel+output-split competent mode pairs and 12 designs with parallel+input-split mode pairs can reach the 30mpg threshold. Furthermore, fully 10 of the 12 designs with parallel+input-split competent mode pairs are able to exceed 31mpg, whereas only 2 of the 10 designs with parallel+output-split com- petent mode pairs can exceed the same threshold. These results show that when performance and fuel economy benefits are taken into account together, For an input-split powertrain type, speed equations, optimization objective for maximum acceleration, and torque constraints can be written as in (15)- (18) .
T EM 1 and T EM 2 can be considered the resources used to minimize the cost of T Vehicle within the constraints of T ICEmax . As seen in these equations, T EM 2 is a free resource since T EM 2 can be set to sgn(g 2 ) · T EM 2max at a given ω EM 2 without being restricted by T ICEmax .
In an input-split powertrain type, the contribution of EM 2 to the vehicle torque is −|g 2 |·T EM 2max . T EM 1 also contributes to the vehicle torque as long as −f 1 ·T EM 1 ≤ T ICEmax . As a result, it is expected that an input-split powertrain type with high |g 2 | has superior maximum acceleration performance.
For an output-split powertrain type, speed equations, optimization objective for maximum acceleration, and torque constraints are shown in (19)- (22) .
s.t. (22) As seen in these equations, minimization task, whereas an output-split type has the single resource T EM 1 . 4) The design with a competent fixed gear powertrain type shows poor fuel economy performance since T Vehicle and ω Vehicle determine T ICE and ω ICE , and no degrees of freedom exist to optimize the operating point of the engine for a drive cycle simulation. 5) Two competent modes with a special power-split powertrain type exist in the design results. However, their fuel economy cannot compete with the results of modes with input-split or output-split types. The main reason for this observation is the steady-state torque equation of a special power-split type, where T Vehicle = f 1 · T ICE , while ω ICE can be set independent from ω Vehicle . According to this equation, f 1 should be as high as possible for a superior gradeability performance. However, drive cycles used in the fuel economy simulations do not require very large T Vehicle . Hence, T ICE stays at its low range during fuel economy simulations and the degrees of freedom in ω ICE are not sufficient for settling the engine at an efficient operating point. Fig. 18 shows the operating points of the engine on its fuel map as red dots, while a special power-split mode is active during the UDDS simulation. As seen in the figure, changing ω ICE does not help the operating points to move to the high efficient region. This analysis shows that a high performing and fuel efficient design can be created with a competent special power-split mode if it is complemented with another fuel efficient mode. 6) Each design possesses modes with a diverse set of powertrain types ranging from EV to series, parallel, and all types of power-split. These auxiliary modes contribute to the fuel economy results, while the performance is delivered by just two competent modes in each design. 7) The effect of the PG gear ratio on performance is significant due to its presence in the coefficients of torque equations as shown in (2). Fuel economy simulations for varying PG gear ratios reveal that a PG gear ratio can affect the fuel economy of a design between 0.2mpg and 1mpg, depending on the feasible PG ratio range. These results show that any design process that ignores PG gear ratio is incomplete. Furthermore, leveraging this result, a strategic fuel economy simulation can be conducted particularly for a large design space. In that approach, a fuel economy simulation for just one feasible PG gear ratio combination of all competent designs is first performed. 1mpg is added to the results, assuming the selected PG gear ratio gives the worst fuel economy among all combinations for a particular design. The designs with poor fuel economy results are eliminated from the design space, and fuel economy simulations for all feasible PG gear ratios of the remaining designs are conducted for benchmark. This approach saves significant computation time, since the most time-consuming task in the design process is the fuel economy simulation. 8) The most restricting design criterion is backward-speed capability when the engine is on. Previous studies have either ignored this criterion completely or looked only at the sign of the coefficient of T ICE in theω Vehicle dynamic equation. In fact, a competent design should have superior backward-speed gradeability, and the engine speed should be above its idle speed at low backward speed so that it can produce positive torque. The design process in this study takes into account all these criteria, with the result that many competent designs are eliminated because their backwardspeed modes cannot meet these requirements. Only parallel modes or series modes in competent designs can meet the backward-speed capability requirement. Many designs with parallel backward-speed capable modes are eliminated because the engine speed falls below idle speed at low backward speed. If a launch clutch were added between the engine and PG node, 25 more designs would become competent. 9) Although all competent designs exceed the performance of a conventional powertrain in some respects, no competent HEV design exists that is superior in all criteria. The advantage of a conventional powertrain is the torque amplification of the torque converter at low vehicle speed.
XV. CONCLUSION
A PG-based HEV powertrain design process with systematic automated design procedures is presented in this paper. It relies on the analysis and exhaustive search of all feasible modes to generate competent HEV powertrain designs for both performance and fuel economy. The process begins with the generation of design space, which consists of all modes that can be constructed with the given set of powertrain components. Algorithms are developed to analyze the feasibility and powertrain type of each mode. After grouping the feasible modes according to their forward-speed and backward-speed capability for the engine on condition, their performance is evaluated against forward-and backward gradeability, longhauling, acceleration time, and top speed criteria. The maximum output torque used in gradeability and acceleration time calculations is assessed through the novel problem formulation suitable to the application of linear programming techniques. The combination of modes that meets the performance requirements, along with the clutches that make the mode transitions possible, constitute the competent designs. The competent designs that include backward-speed capable modes or that can be integrated with another backward-speed capable mode are evaluated for fuel economy improvement potential using an algorithm that approximates dynamic programming optimization. The designs with superior fuel economy are depicted in the final stage. This design process makes the following contributions to the literature. First, it shows the advantages of a mode-based design technique in the reduction of design space size and processing time. Second, not only fuel economy but also performance criteria, which are vital in vehicle design but generally ignored in earlier studies, are taken into account. Thus, the results of the process have practical value in the automotive industry. Third, computationally efficient methods are introduced to derive speed and torque equations, along with the performance characteristics of each mode. Fourth, all powertrain types that can exist in a design space with the given components are identified mathematically. This derivation mitigates the risk of omitting any design candidate in an automated process. As a result, the combination of these contributions enables the introduction of a novel exhaustive-search based design process, where PG gear ratio is also a design variable in spite of its significant effect on design space growth. Furthermore, the results of the design process show that many designs with superior fuel economy and performance can be achieved with just two PGs if the right analysis and synthesis methods are in place.
